
June 20, 1958 OSMOTIC PRESSURE, PROTEIN SOLUTIONS AND ACTIVE TRANSPORT 2923 

visible, and only a slight yellow color due to the tail 
of the ultraviolet absorption. The presence of the 
metal in two valence states in the same molecule 
thus produces an enormous intensification in ab
sorption, presumably due to a charge transfer 
mechanism. Similar behavior has been observed 
in Cu(II)-Cl-Cu(I) complexes but to a much lesser 
degree.11'12 Evidently the presence of a sulfide 
between the Cu(II) and Cu(I) in (I) facilitates the 
electron transfer greatly. 

Comparison of Mercaptans.—Mixing of Cu(II) 
with several other thiols also produced a violet-
colored complex, but not every mercaptan worked. 
Thioglycolic acid, /3-mercaptoethylamine and a,/3-
dimercaptosuccinic acid formed violet solutions, 
/3-mercaptopropionic acid and cysteine did not. 
With thioglycolic acid, spectra and polarographic 
measurements also were recorded. The color in
tensity was weaker in this case, and the peak at 
520 nut not nearly as strong as in Fig. 4. Corre
spondingly in the polarographic titration, id for the 
RSH wave followed a course very similar to that 
for thiomalic acid shown in Fig. 3. However, in 
contrast to Fig. 3, the Cu(II) wave appeared im
mediately after the disappearance of the RSH one. 
Clearly Cu(II)[RS-Cu(I)J4 is a much weaker com
plex, i.e., its dissociation is much greater, when RS 
is thioglycolic acid instead of thiomalic. Like
wise the complex with /3-mercaptoethylamine must 
also be much weaker for its absorption peak, al
though at 520 m/x, was much lower than that for 
thiomalic acid. Thus it is clear that copper forms 
mixed valence complexes with a variety of thiols 
and that these complexes are characterized by 
much more intense absorption spectra than are 

(11) H. Diehl, P. A. Carlson, D. Christian, E. H. Dewel, M. R. 
Emerson, F. K. Heumann and H. W. Standage, Proc. Iowa Acad. 
Sci., BS, 241 (1948). 

(12) H. M. McConnelI and N. Davidson, THIS JOURNAL, 72, 3168 
(1950). 
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Fig. 4.—Absorption spectrum of the violet complex, 
Cu(II) [Cu(I)SR]<: Cu(II) total concentration, 0.0010 M; 
thiomalic acid, 0.0016 M. In acetate buffer, under nitro
gen, at pK 5.8, 25°. 

customarily found in cupric or cuprous com
plexes. 
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This paper discusses some of the statistical thermodynamic relations between two solutions separated by a membrane with 
properties such that two species, though present on both sides of the membrane, are not in equilibrium across the membrane 
while the remaining species are in equilibrium. This situation might arise, for example, in so-called "active transport" 
across biological membranes (the two non-equilibrium species in this case might be two small ions or one small ion and one 
protein molecule). The osmotic pressure and activity coefficient ratios are given particular attention. A special case is 
treated by a modification of the method of Donnan and also by the McMillan-Mayer method. 

I. Introduction 
In an earlier paper2 we used the McMillan-Mayer 

solution theory to discuss the pressure difference 
across a membrane when one species of ion, though 
present on both sides, has different electrochemical 
potentials on the two sides of the membrane, either 
(1) because the species cannot pass through the 
membrane or (2) because the membrane does work 

(1) This investigation was supported by a research grant from the 
Heart Institute, Public Health Service. 

(2) T. L. Hill, T H I S JOURKAL, 78, 4281 (195C). Hereafter denoted 
by I. 

(active transport) to maintain the electrochemical 
potential difference. Each solution was assumed 
to be in an equilibrium state though the solutions 
are not in complete equilibrium with each other. 
Since the discussion concerned statistical thermo
dynamic properties of the solutions only, we could 
ignore the (possibly non-equilibrium) processes 
occurring in the membrane itself. 

In the present paper we extend the theory to the 
case of two ionic species with different electro
chemical potentials on the two sides. Systems of 
this type are undoubtedly very important in active 
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transport (e.g., two ions, or one protein and one We now wish to derive more practical expansions 
ion). 

II . General Theory 
The notation is the same as in I. The argument 

parallels t ha t of I, so tha t a number of details can 
be omitted. We take Z1 9^ zt, Zi ̂ - z\ bu t Z3 = zt, etc. 
T h a t is, species 1 and 2 are the two "non-equilib
r ium" species. Let z = Z\, Zi, z*, . . . and z 
zf, zt, zt We find from eq. I - l 3 

in powers of pi — p* and pi — p*. Following the 
procedure in I, we find first 

= £ xti(z*)m 
>',/>0 

JT 
kf 

where 

and 
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lilib-
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where 

etc., and 

7 2 »,y>o 

J\Too — 1» XW — 2620, XQi = b. 
Xn = - 46f0 + 3630 

Xn = - 262„6„ - 6?, + 2621 
X02 = — 2602611 + 612 

600 = 0 
1!0! K610 = Z10 = F,6,o = 1 
0! 1! Vbn = Z01 = V, 601 = 1 
2 ! 0 ! Vb20 = Z20 - Zf0 
1! I I Vb11 = Z1 1 - Z10Zn 
0 ! 2 ! F6„2 = Z02 - Zl1 
3 ! 0! F i 3 0 = Z30 - 3Z10Z2O + 2Zf0 
2! 1! F621 = Z21 - 2Z10Z11 - Z20Z01 + 2Zf0Z01 

F00 = 1, F10 = 6„, F0 1 = 2602 
F2 0 = - 2620611 + 621 
Fu = - 26„26„ - bu + 2612 
F02 = - 46?2 + 3J03 

(8) 

(9) 

(10) 

(H) 

(3) 

etc. The configuration integrals Zij are defined by 

Zi;-(z*) = J*exp [ - ' - ^ ^ ] d ( l , ) d(2,) . . .d(i , )d(l , ) . . . 

d(j,) (4) 
where w,-y(z*) is the potential of the average force 
for a set of i molecules of species 1 and j molecules 
of species 2 in the z* solution. 

If we define 
7? 

Si = Pi = 1, 2 (5) 

we can also express II in the form of a generalized 
virial expansion2 '3 

11 = Y. BiAz*) m (G) 
».y>o 

We multiply eq. 8 by — p*, add pi to both 
of the equation, and obtain 

pf = (1 + X10Pf)^1 + X01 pfh + Xnpfg + 
Xupftib + x02Pni + .. 

Similarly 

P2 - P* = Y10PU1 + (1 4- Y01 p* )b + YwPW + 
YUPUA + Y029Ul + . . 

The inverses of eq. 12 and 13 are 

where 

(12) 

(13) 

kT 

where the virial coefficients Ba are given by 

B 0 0 = 0, S10 = -S01 = 1 
B20 — — 620, B11 = — 6n, B02

 = — 602 
B30 = 46|„ - 2630 
B21 = 4MiI + fefi - 2621 

etc. 

Hi = 

= Pl 

Co = 
C10 = 
C01 = 
U10 = 
A i = 

E c,-,(z*),w 
'J>0 

i,j >0 

— P*, 12 = Pi — P* 

Ao = 0 
- (1 + 2b02Pt)/R 
bupt/R 
bnpt/R 
- (1 +262„pf)/K 

(14) 

(15) 

(10) 

(17) 

(7) 

etc., and 

R = b2
llP*p* - (1 + 2 W ) U + 2 W ) (18) 

Expressions for higher C / s and Dj/s are easy to 

Finally, substi tut ion of eq. 14 and 15 into eq. 6, 8 and 9 leads to 

JL 
kT 

[611P* - (1 + 26Q2P?)](P, - pf) + [ W - (1 + 262ppf)](p2 

R ' R 
Pf) _ Ih1(P2^- pt) 

R 

I _ ^n(Pi - pf) + [ W - 2602(1 + 2 W ) K p 2 - pf) 

Tf , , [ W - 2620(1 + 2 6 Q 2 P ? ) ] ( P I 

71 + '" R 

21 
72 

(19) 

(20) 

(21) 
R ' R 

plus ra ther unwieldy higher terms. 
I t is also useful to express eq. 19-21 (including contributions from quadratic terms omitted in 

these equations) in the form of expansions in powers of pu pf, pi and p*. We find 

11 

kT 
= (Pl - Pf) + (P2 - P2*) - &20(pi - Pf)(Pl + Pf) - 6o2(p2 - P2*)(P2 + pf) - 6 U (p l P 2 - pfpf) + 

^- = 1 + 2 6 2 0 ( P I - Pf) + bn(p2 - p*) + [(3630 - 46 | 0 ) P l - 3630pf + (621 - 6?,)p2 -
71 

^2ip*](pi — pf) + [(62i — 26n62o)pi — b21p* + (612 — 26ii6o2)p2 — 6i2pf](p2 — p*) + 
y-*- = 1 + 6n(pi - pf) + 2602(p2 - pf) + [(S21 - 2 6 , I M P I - 621 pf + (6,2 - 26„602)P2 -
72 

&i2P*](pi - pf) + ([612 - 65Op1 - 612Pf + (3603 - 46?2)p2 - .360jp2*](p2 - pf) + 
The bij(z*) in these equations are, of course, themselves functions of pf and pj . 

(3) See also W. G. McMillan and J. E. Mayer, J. Chem. Phys., 13, d e r j V e b u t a r e a l g e b r a i c a l l y C o m p l i c a t e d , SO We 
276 (1945). omit them here 

(22) 

(23) 

(24) 
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The above discussion of the situation when there 
are two non-equilibrium species has an important 
application when there is only one non-equilibrium 
species, as in I. If we let Z2-*- z\, species 2 be
comes an "equilibrium" species. In this case, 
"species 2" can refer to any one of the equilibrium 
species in I, say species k. Since species 1 is now 
the only non-equilibrium species, we drop the sub
script 1. Then if we put £2 = 0 in eq. 9, we have 
an expression for pj pt, the ratio of the concentra
tions of the equilibrium species k on the two sides 
of the membrane. That is 

^ = P~ = 1 + 6n£ + (b2l - 2bwbn)e + ... (25) 
7k Pk 

where &y(z*) involves, through eq. 3, a set of i 
molecules of the non-equilibrium species and j 
molecules of species k, in the z* solution of I. Us
ing eq. 1-17 to change variables from £ to p — p*, 
we find 
Pk _ -, , &ll(p — P * ) , 

* L <~ 1 i O L * ~ i ~ 

Pk 

and 

[J2, 
1 + 2620P* 

2b20bn + P*(2S2iZ>2( 36n6!0)](p - P*)2 

( 1 + 2&20P*) 
(26) 

This equation allows a computation of pk/p* with
out introducing the membrane potential (compare 
eq. 1-34 and 1-39). The expansion in powers of p 
and p* is 

^ = 1 + bu(p 
Pk 

f.*) + (p - p*)[(i2, - 2binbn)p 

- &2iP*] + . . . (27) 

III. The Donnan Method 
The discussion in Sec. II is quite general. Here 

we consider a special case, and treat it by a modi
fication of the method of Donnan.4 Let the z* side 
(the "outside") of the system contain an electrolyte 
solution, the j th species (j = 3,4, . . .) of which has 
a valence qj and a concentration p/. Two non-
equilibrium species (subscripts 1 and 2) are also 
present at concentrations p* and pf, and with 
valences Q1 and q2. On the other side (z or "in
side".) of the membrane, the j th species of elec
trolyte (in equilibrium across the membrane) has a 
concentration pj, while the non-equilibrium species 
have concentrations pi and p2. The membrane 
potential is \p. The outside solution is assumed 
dilute enough to follow the Debye-Hiickel theory. 
In order to ensure that the inside solution also is 
sufficiently dilute for the Debye-Hiickel theory to 
be applicable, we use expansions in powers of pi 
and pi (as well as p*, pj and a, defined below), and 
retain linear terms only. AU ions are considered 
hard spheres of diameter a and are immersed in a 
continuous medium of dielectric constant D. 

On equating inside and outside electrochemical 
potentials for the_/th species, we have 

Piyj{m)eii^/kT = p*7 ;-(0ut) j = 3, 4, . . . (28) 

where 
In 7;(out) = 

In y,-(in) = -

2DkT^Tm) + » J 1 "'* (29) 

2DkT(I +Kind) ^ ^ 1
 P> (30) 

(4) C o m p a r e T . L. Hil l , J. Phys. Chem., 6 1 , 548 (1957). W e follow 
t h e p r o c e d u r e in th i s pape r . 

K j n 

DkT 

4:re* £ P.l' 
« > 1 
DkT 

v = 4JTO3/3 

f = protonic charge 

If we write pj and rp in the form 
Pi = P* + an (pi — P*) + an (p2 — p*) + . . . 

j = 3, 4, . . . (31) 

e+/kT = .I1(P, - pf) + .42(P2 - pf) + . . . (32) 
and substitute eq. 29-32 in eq. 28, we find, after 
the necessary expansions, and on comparing pj 
from eq. 28 with pj in eq. 31, that 
(lit - — QiAiPj + 

where 

42, 
vSipf i = 1, 2 (33) 

H (1 +Koa)2 

a = A0/'DkT 

4 = UttSi/DkT 

2» = Y^ P*q" 

s«» = E a<°<f. 

Si = 1 + ^T1 at, 
s>3 

Next we sum eq. 33 over j ^ 3 (a) as it stands, 
(b) after multiplication, by qj and (c) after multi
plication by q]. These summations lead, for each 
value of i, and with the aid of the neutrality condi
tions, to three linear equations in A,-, 2 W and 5*. On 
solving these equations we find, except for terms of 
negligible order 

Ai 

/ 2 23y = i, 2 

Now, since (eq. 31) 
Pi _ Ji _ 1 I ali i *N 
-* - — - 1 + -»- ( PI - Pi) 
Pi T) Pi 

-*- (P2 X) + 

(34) 

(35) 

(36) 

and since all ions have the same size a, we see, on 
comparing eq. 23, 24 and 36, that 

2620 = -Hr (Qi > Si) 
Pi 

in = TT (2; — > 2i) = % (q,- > 52) 
Pi Pi 

2602 = -4' (qi > qi) 
Pi 

rom eq. 35 

2620 = " " - 2 2 + 4 2 2 ( 9 ? - S l W 

(37) 

(38) 

(39) 

(40) 

bn — — v 
"S2"

 + 422 V> ~ qi Zj 

( f / 1 - a . j ) (4i) 
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2J02= - , , - J + A ( ^ _ g 2 j ) 2
 (42) 

Note that /3, S2 and S3 depend on properties of the 
equilibrium ions only, species 3, 4, . . . . 

In summary: eq. 32 and 34 give the membrane 
potential; eq. 23, 24 and 40-42 give the activity 
coefficient ratios for the non-equilibrium species; 
and eq. 22 and 40-42 give the osmotic pressures. 

IV. The McMillan-Mayer Method 

We consider the same special case as in Sec. 
III. The basic equations for the osmotic pressure 
and activity coefficient ratios are eq. 19-21. and 
22-24 where, here, the by's are to be calculated di
rectly from eq. 3 and 4. If we use for wy the po
tential in eq. 54 of reference 4, we find for 620, &u 
and &02 equations with the same formal appearance 
as eq. 40-42, but with S2, S3 and /3 replaced by S2', 
S3 ' and 13', respectively, where 

Introduction 
A synthesis of 1,3,5-hexatriene was first re

ported by Van Romburgh and Van Dorssen,2 after 
which a number of other syntheses have been re
ported.3 Alder and Von Brachel4 have postulated 
a trans configuration based upon a Diels-Alder re
action product. 

Experimental 
A sample of 1,3,5-hexatriene was kindly supplied by 

Professor G. Forrest Woods of the University of Maryland. 
I t was prepared by the dehydration of 1,3-hexadiene-5-ol 
and purified by fractional crystallization.3 Its physical 
properties were: m.p. - 1 1 . 7 ° , b .p . 80°, W28D 1.5035. 

The Raman Spectrum.—The Raman spectrum of 1,3,5-
hexatriene was obtained with an automatic recording 
instrument built at the University of Maryland,5 using 
4358 A. excitation. The source was a "Toronto- type" 
arc. This consisted of a 30 mm. diameter helical Pyrex 
tube of four and one-half turns. Its total arc path is nine 
feet, of which seven and one-half feet effectively radiate the 
sample. A saturated potassium nitrite solution was used 
as a filter for the short wave length radiation. Calibra
tion was accomplished by recording an iron arc spectrum. 
Figure 1 is a trace of one of the resulting Raman curves of 
1,3,5-hexatriene. The observed Raman lines are listed in 
Table I I I . 

The Infrared Spectrum.—The infrared spectrum of 
liquid 1,3,5-hexatriene has been reported. ' However, the 

(1) Taken in part from a thesis submitted in partial fulfillment of the 
requirements for the degree of Master of Science in the Graduate 
School of the University of Maryland. 

(2) Van Romburgh and Van Dorssen, Verslag Akad. Wetenschappen 
Amsterdam, 8, 565 (1905). 

(3) G. F. Woods and L. H. Schwartzman, T H I S JODRNAL, 70, 3394 
(1948). 

(4) K. Alder and H. Von Brachel, 4KM., 608, 195 (1957). 
(5) R. A. Bafford, Master's Thesis, University of Maryland, 1950. 

' (1 + M)-

n' = A/'DkT 

=.' = E *v 
J > 1 

and K has already been defined (following eq. 30). 
In other words, the "outside electrolyte" here in
cludes the non-equilibrium ions as well as the 
equilibrium ions. 

These results, together with eq. 19-21, represent 
the best available approximation when pu p2, p* 
and pi are not necessarily small quantities. How
ever, if exact (for this model) expansions in powers 
of pi, P2, Pi and p | are desired, then eq. 22-24 arc 
appropriate and S2 ' -*• S2, S3 ' -»• S3 and /3' -*• /3 (to 
quadratic terms in the osmotic pressure and linear 
terms in the activity coefficient ratios). That is, in 
this case, the McMillan-Mayer method gives the 
same results as the Donnan method (eq. 40-42). 
EUGENE, OREGON 

vapor spectrum has not been reported previously. A 
Perkin-Elmer Model 12-C single-beam, double-pass spec
trometer was used. It was equipped with lithium fluoride, 
calcium fluoride and sodium chloride prisms. The spectra 
were run in 10-cm. gas cells at 25 and 35°. The absorption 
bands are listed in Table II and illustrated in Fig. 2. Figure 
2 is a trace of the spectrum using a Beckman IR-4 spec
trometer. 

TABLE I 

T H E DISTRIBUTION OF VIBRATION AMONG SPECIES AND 

SELECTION R U L E S 
trans. C2h 

Vibr . 
species 

Ag 
Au 
Bg 
Bu 

cis C2V 

A1 

A2 

B1 

B2 

N o . 
C 

5 
2 
1 
4 

5 
2 
4 
1 

of v ib ra t i 
H 

8 
4 
4 
S 

8 
4 
S 
4 

ons 
T o t a l 

13 
C 
5 

12 

13 
6 

12 
5 

Act iv i ty 

Raman 
Infrared 
Raman 
Infrared 

Infrared and Raman 
Raman 
Infrared and Raman 
Infrared and Raman 

Discussion 
The comparative stability of 1,3,5-hexatriene 

may be postulated as due to resonance. In order to 
have the maximum amount of resonance stabiliza
tion, the molecule must be planar. Of the six pos
sible structures, three have cis and three have trans 
configurations. Fisher-Hirschfelder models indi
cate that five of these structures (2,3,4,5,6 of Fig. 
3) cannot be made planar because they are sterically 
hindered. However, structure 4 cannot be en 
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Spectroscopic data for 1,3,5-hexatriene are reported. These include the Raman spectrum of the liquid and the infrared 
spectrum of the vapor. The spectral data indicate that 1,3,5-hexatriene has the trans pseudolinear configuration. An 
assignment of the vibrational frequencies to the normal modes of vibration is presented. 


